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Abstract
In this paper, we will analyse the consequences of deforming the canon-
ical commutation relations consistent with the existence of a minimum
length and a maximum momentum. We first generalize the deformation
of first quantized canonical commutation relation to second quantized
canonical commutation relation. Thus, we arrive at a modified version of
second quantization. A modified Wheeler-DeWitt equation will be con-
structed by using this deformed second quantized canonical commutation
relation. Finally, we demonstrate that in this modified theory the big
bang singularity gets naturally avoided.
1 Introduction
In any approach to quantum gravity, the classical picture of spacetime is expect
to break down. This is because at Planck scale the fluctuations in the geometry
are expected to become of order unity. Thus, the picture of spacetime as a
differential manifold cannot hold below Planck scale. In fact, many studies
on physics of the black holes have suggested that all quantum gravity theories
should have a minimum measurable length of the order of the Planck length [1]-
[2]. The string theory also come naturally equipped with a minimum length[3]-
[7]. In fact, in loop quantum gravity the existence of minimum length turns big
bang into a big bounce [8]. It may be noted that the existence of a minimum lent
is not consistent with the conventional Heisenberg uncertainty principle. This
is because according to the conventional Heisenberg uncertainty principle, the
minimum measurable length is actually zero. To remove this inconsistency, the
conventional Heisenberg principle is modified [9]-[23]. The resultant uncertainty
principle is called the generalized uncertainty principle. The modification of the
uncertainty principle naturally leads to a modification of the Heisenberg algebra.
In this new Heisenberg algebra commutation relations between position and
momentum operators contain momentum dependent factors. It may be noted
that the implications of this modified uncertainty principle for quantum field
theory have also been studied [24]-[26].
In doubly special special relativity theories, the Planck energy like the speed
of light is a invariant quantity in doubly special special relativity. This is incor-
porated by a modification of the Heisenberg algebra [27]-[29]. A consequence
of this modification is that, doubly special relativity come naturally equipped
with a maximum measurable momentum. A modified version of general rel-
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ativity called the Gravity’s Rainbow has been constructed [30]-[31]. Gravity’s
Rainbow both velocity of light and the Planck energy are again invariant quanti-
ties. Thus, two different deformations of Heisenberg algebra have been studied.
In fact, a algebra has also been constructed which is consistent with the ex-
istence of both a minimum length and a maximum momentum [33]-[40]. The
transition rate of ultra cold neutrons in gravitational field has been analysed
using this deformed algebra [41]. In fact, the modification to the Lamb shift
and Landau levels have also been analysed in this deformed algebra [42].
The relation between the quantum mechanical commutators and the classi-
cal Poisson brackets has also been used to study modification to the Friedman-
Robertson-Walker cosmology [34]. In this paper, we will deform the second
quantized commutating relations and study the effect of the deformation on
Wheeler-DeWitt equation. The solutions to the Wheeler-DeWitt equation gives
us the wave function of the universes [35]-[36]. As the wave function of the uni-
verse describes the quantum state of the universe, so all the physical information
about the universe can be extracted from it [37]-[38]. This wave function can also
be obtained by taking a sum over all geometries and field configurations which
match with a particular field configuration at a spatial section of the space-
time. This approach is called the the Hartle-Hawking no-boundary proposal.
In this approach a Wick rotation to Euclidean time makes this integral well de-
fined. This wave function of the universe can also be viewed as a solution of the
Wheeler-DeWitt equation [35]-[36]. The Wheeler-DeWitt equation is a second
quantized equation which can be interpreted as the Schroedinger’s equation for
gravity. However, there is no time in the Wheeler-DeWitt equation because it
has to satisfy the time invariance which is required by general relativity [39]. In
this paper we will analyse the implications of modifying the Wheeler-DeWitt
equation, by using a deformed version of second quantized canonical commu-
tator. Usually, the generalized uncertainty is studied as a implication of some
quantum gravitational effect. However, in this paper, we will reverse this and
study the implications of generalized uncertainty on quantum gravity.
2 Deformed Heisenberg Algebra
In this section, we will first review the deformation of the Heisenberg consistent
with the existence of minimum length and maximum momentum. Then we will
construct a second quantized version of this algebra. We let ℓPl ≈ 10−35 m
be the Planck length, MPl be the Planck mass, MPlc
2 ≈ 1019 GeV be the
Planck energy, and β0 be a constant of order unity. Now the existence of a
minimum length is consistent with the following algebra [xi, pj ] = i[δ
i
j+βp
2δij+
2βpipj ], and the existence of a maximum momentum is consistent with the
following algebra [xi, pj] = i[1− β˜|p|δij+ β˜pipj], where β = β0ℓPl/h¯ and β˜ = ℓPl.
Both these deformations of Heisenberg algebra have been combined into a single
algebra [33]-[40]
[xi, pj ] = i
[
δij − α||p||δij + α||p||−1pipj + α2p2δij + 3α2pipj
]
, (1)
with α = α0/MPlc = α0ℓPl/h¯. It may be noted that the norm of the momentum
is defined as
||p|| =
√
pipi. (2)
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In the one dimensional case this corresponds to the uncertainty relation given by
∆x∆p = [1− 2α < p > +4α2 < p2 >]. These imply the existence of a minimum
length ∆x ≥ ∆xmin ≥ α0ℓPl, and a a maximum momentum ∆p ≤ ∆pmax ≤
α−1
0
MPlc. Now the momentum in the coordinate representation can be written
as pi = p˜i(1 − α||p˜|| + 2α2||p˜||2), where [xi, p˜j] = iδij, and so, p˜i = −∂i. Thus,
we can write
pi = −i
(
1 + α
√
−∂j∂j − 2α2∂j∂j
)
∂i. (3)
Now we will analyse deform the second quantized commutator similar to
this deformation of the first quantized commutator. Thus, we can write the
commutator of a scalar field theory as
[φ(x), π(y)] = iδ(x− y) + iαA(x, y)) + iα2B(x− y), (4)
where
A(x, y) = ||π||δ(x− y) + ||π||−1π(x)π(y),
B(x, y) = ||π||2δ(x − y) + 3π(x)π(y). (5)
Here we have defined the norm of ||π|| as follows,
||π|| =
√∫
dxδ(x − y)π(x)π(y). (6)
This corresponds to taking the deformation for π(x)
π(x) =
(
1− α||π˜||+ 2α2||π˜||2) π˜(x). (7)
where
[φ(x), π˜(y)] = iδ(x− y). (8)
So, we have
π˜(x) = −i δ
δφ(x)
. (9)
Thus, we get
π(x) = −i
(
1 + α
√
−
∫
dzdyδ(z − y) δ
δφ(z)
δ
δφ(y)
−2α2
∫
dzdyδ(z − y) δ
δφ(z)
δ
δφ(y)
)
δ
δφ(x)
. (10)
Thus, we observe that the deformation of the second quantized canonical
commutation relation induces non-locality in the quantum field theory.
3 Deformed Wheeler-DeWitt Equation
In this section, we will deform the Wheeler-DeWitt equation and analyse its con-
sequences. The line element in the Arnowitt-Deser-Misner 3 + 1 decomposition
of general relativity is given by
ds2 = gµν (x) dx
µdxν =
(−N2 +NiN i) dt2 + 2Njdtdxj + hijdxidxj . (11)
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whereNi the shift function andN is the lapse function. Thus, the Lagrangian for
gravity in the Arnowitt-Deser-Misner 3 + 1 decomposition of general relativity,
can be written as
L [N,Ni, hij ] =
√−gR = N
√
3h
2κ
[
KijK
ij −K2 + (3R− 2Λ)] , (12)
Here Λ is the cosmological constant, 3R is the three dimensional scalar curva-
ture, Kij is the second fundamental form, and K = h
ijKij is the trace of the
second fundamental form. The Hamiltonian is obtained via Legendre transfor-
mation,
H˜ = dx
[
NH +NiH
i
]
, (13)
where
H = (2κ)Gijklπ
ijπkl −
√
3h
2κ
(
3R − 2Λ) ,
Hi = −2∇jπji, (14)
where πij is the momentum conjugate to hij . Here Gijkl is defined by
Gijkl =
1
2
√
h
(hikhjl + hilhjk − hijhkl). (15)
The two classical constraints H = 0, and Hi = 0, are obtained through
the equation of motion. At the quantum level the constraints H = 0, becomes
the Wheeler-DeWitt equation, Hψ[h] = 0. Here ψ[h] is the wave function of
the universe. We will now use the modified canonical commutation relation
to obtain a deformed version of this Wheeler-DeWitt equation. The modified
canonical commutation relation are
[hij(x), π
kl(y)] = (δki δ
l
j + δ
l
iδ
k
j )(iδ(x − y) + iαA(x, y))
+iα2B(x− y)), (16)
where
A(x, y) = ||π||δ(x− y) + ||π||−1π(x)π(y),
B(x, y) = ||π||2δ(x − y) + 3π(x)π(y). (17)
Here we have defined the norm of ||π|| as follows,
||π|| =
√∫
dxdyδ(x − y)Gijkl(x, y)πij(x)πkl(y). (18)
The momentum operator corresponding to this deformed canonical commuta-
tion relation is given by This corresponds to taking the deformation for π(x)
πij(x) =
(
1− α||π˜||+ 2α2||π˜||2) π˜ij(x). (19)
where
[hij(x), π˜
kl(y)] = i(δki δ
l
j + δ
l
iδ
k
j )δ(x − y). (20)
4
So, we have
π˜ij(x) = −i δ
δhij(x)
. (21)
Thus, we get
πij(x) = −i
(
1 + α
√
−
∫
dzdyδ(z − y)Gklnm(z, y) δ
δhkl(z)
δ
δhmn(y)
−2α2
∫
dzdyδ(z − y)Gklmn(z, y) δ
δhkl(z)
δ
δhmn(y)
)
× δ
δhij(x)
. (22)
Now we can write the deformed Wheeler-DeWitt equation
Hψ [h] = 0 (23)
where
H = − (2κ)GijklD δ
δhij
D δ
δhkl
−
√
3h
2κ
(
3R− 2Λ) , (24)
and
D = 1 + α
√
−
∫
dxdyδ(x − y)Gijkl(x, y) δ
δhij(x)
δ
δhkl(y)
−2α2
∫
dxdyδ(x − y)Gijkl(x, y) δ
δhij(x)
δ
δhkl(y)
. (25)
Now we consider a minisuperspace approximation to the Wheeler-DeWitt
equation. So, will will now consider a closed universe filled with a vacuum of
constant energy density and the radiation, ρ(a) = ρv + ǫ/a
4, where ρv is the
vacuum energy density, a is the scale factor and ǫ is a constant characterizing
the amount of radiation. The Friedman-Robertson-Walker metric for k = 1 is
given by
ds2 = −N2dt2 + a2 (t) dΩ23, (26)
where dΩ2
3
is the usual line element on the three sphere. Thus, we obtain the
following result,
− 3π
4G
aa˙2 − 3π
4G
a+ 2π2a3ρ(a) = 0. (27)
If we assume 256 π2G2ρv ǫ/9 < 1, then a big bang occurs at a = 0 and the uni-
verse expands to a maximum radius before tunneling into a phase of unbounded
expansion. Now we can write the following Lagrangian for this system
L = − 3π
4G
aa˙2 +
3πa
4G
− 2π2a3ρ(a). (28)
We can obtain a Hamiltonian from this Lagrangian as follows,
H = − G
3π
p2
a
− 3π
4G
a+ 2π2a3ρ(a). (29)
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Now we deform the momentum operator for this minisuperspace model as
p = −i
(
1 + iα
d
da
− 2α2 d
2
d2a
)
d
da
. (30)
The Wheeler-DeWitt equation corresponding to this representation of the mo-
mentum is given by
Hψ(a) = 0, (31)
where
H =
(
G
3π
d2ψ
dx2
− 2αi G
3π
d3ψ
dx3
+ 5α2
G
3π
d4ψ
dx4
+
3π
4G
a2 + 2π2a4ρ(a)
)
. (32)
This modified quantization is consistent with the following
∆a∆p = 1− 2α < p > +4α2 < p2 > . (33)
These imply the existence of a minimum length ∆a ≥ ∆amin. It also implies
the existence of a maximum momentum ∆p ≤ ∆pmax. Thus, in the radius of
the universe according to this modified Wheeler-DeWitt equation cannot shrink
to zero. This way we can avoid the big bang singularity using this modified
quantization.
4 Conclusion
In this paper we generalized the deformation of first quantized commutating
relations to second quantized commutating relations. Then we analysed the
Wheeler-DeWitt equation using this formalism and demonstrated that in this
formalism the big bang singularity is naturally avoided. It may be noted that
various other boundary conditions have been used for obtaining the wave func-
tion of the universe. The wave function of the universe has also been constructed
using a quantum tunneling transition [43]-[44]. In fact, it is possible for a baby
universe to be created by a quantum fluctuation of the vacuum. This universe
can eventually jump into an inflationary period and undergo a period of rapid
expansion till its Hubble length becomes very large. This way a universe can be
created by a quantum fluctuation of the vacuum. It will be interesting to study
this mechanism for the creation of the universe using the modified Wheeler-
DeWitt equation.
It may be noted that if a single universe can be created from the quan-
tum fluctuation of the vacuum, there is no reason why other universes cannot
be similarly created. Thus, this model naturally predicts the existence of the
multiverse. In fact, this model of inflation is called the chaotic inflationary mul-
tiverse [45]. In this model, the total number of distinguishable locally Friedman
universes generated by eternal inflation is proportional to the exponent of the
entropy of inflationary perturbations [46]. The multiverse also appears natu-
rally in the Multiverse can also be used to explain the landscape in the string
theory [47]. This is because all the 10500 different string theory vacuum states
[48], can be viewed as real vacuum states of different universes [49]. The multi-
verse is most naturally analysed using a third quantized formalism of quantum
6
gravity [50]-[52]. This is because the Wheeler-DeWitt equation can be viewed
as the Schroedinger’s equation for a single universe. Just as a single particle
wave equation has to be second quantized to account for the creation and an-
nihilation of particles, the Wheeler-DeWitt equation has to be third quantized
to account for the creation and annihilation of universes. It will be interesting
to analyse the third quantization of this deformed Wheeler-DeWitt equation.
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